Stability of the Rossby-Haurwitz (RH) wave of subspace H 1 ⊕ H n in an ideal incompressible fluid on a rotating sphere is analytically studied (H n is the subspace of homogeneous spherical polynomials of degree n). It is shown that any perturbation of the RH wave evolves in such a way that its energy K(t) and enstrophy η(t) decrease, remain constant or increase simultaneously. A geometric interpretation of variations in the perturbation energy is given. A conservation law for arbitrary perturbations is obtained and used to classify all the RH-wave perturbations in four invariant sets M n − , M n + , H n and M n 0 − H n depending on the value of their mean spectral number χ(t) = η(t)/K(t). The energy cascade of growing (or decaying) perturbations has opposite directions in the sets M n − and M n + due to a hyperbolic dependence between K(t) and χ(t). A factor space with a factor norm of the perturbations is introduced using the invariant subspace H n of neutral perturbations as the zero factor class. While the energy norm controls the perturbation part belonging to H n , the factor norm controls the perturbation part orthogonal to H n . It is shown that in the set M n − (χ(t) < n(n + 1)), any nonzonal RH wave of subspace H 1 ⊕ H n (n 2) is Liapunov unstable in the energy norm. This instability has nothing in common with the orbital (Poincaré) instability and is caused by asynchronous oscillations of two almost coinciding RH-wave solutions. It is also shown that the exponential instability is possible only in the invariant set M n 0 − H n . A necessary condition for this instability is given. The condition states that the spectral number χ(t) of the amplitude of each unstable mode must be equal to n(n + 1), where n is the RH-wave degree. The growth rate is estimated and the orthogonality of the unstable normal modes to the RH wave is shown. The instability in the invariant set M n + of small-scale perturbations (χ(t) > n(n + 1)) is still open problem.
Introduction
As is known, the large-scale barotropic dynamics of the atmosphere can approximately be described by the nonlinear barotropic vorticity equation. It is also well known that the Rossby-Haurwitz (RH) waves, being exact solutions to this equation, represent one of the main features of meteorological fields. Therefore the stability properties of the RH wave are of considerable interest for deeper understanding of the low-frequency variability of the atmosphere [1, 2] as well as for developing initial data assimilation methods [3] [4] [5] . Many works has been devoted to the barotropic instability of the RH waves on the β-plane [6] [7] [8] and sphere [9] [10] [11] [12] [13] . A necessary condition for the linear instability of this wave was recently obtained in [14] . However, mathematically, the nonlinear stability problem of the RH wave is still far from its complete solution. Indeed, some of the stability results have been obtained numerically [9, 15] , and hence, contain calculation errors. Severe truncation of perturbations used in [6, 7] , though leads to very interesting and useful conclusions, does not allow obtaining comprehensive results. The weak point of the analytical RH-wave instability study [9] consists in using inappropriate measure (see (13) in [9] ) for the zonal flow, because the square of this measure is not even a seminorm. The general results on the barotropic flow stability obtained in [16, 17] are of considerable interest. However, the application of these results to the RH wave on a sphere is not always fruitful. For example, Theorem 2 from [17] can be applied only to the trivial situation of a super-rotation flow.
In the present work, the nonlinear stability of the RH wave of a subspace H 1 ⊕ H n in an ideal incompressible fluid on a rotating sphere is analytically studied (n 2). Here H n is the subspace of homogeneous spherical polynomials of degree n on a sphere. A conservation law obtained for arbitrary RH-wave perturbations asserts that any perturbation evolves in such a way that its kinetic energy K(t) and enstrophy η(t) decrease, remain constant or increase simultaneously. The law is used to classify all the perturbations in four invariant sets M n − , M n + , H n and M n 0 − H n depending on the value of their mean spectral number χ(t) = η(t)/K(t) [18] . This allows us to study the instability of the RH wave in each invariant set separately [19] .
We show that the energy (and enstrophy) of a perturbation varies only if the projection of the perturbation on the RH wave varies. It means that the energy norm (or enstrophy norm) controls the evolution of perturbations only in the subspace H n and is useless in the subspace orthogonal to H n . The energy cascade of growing (or decaying) perturbations has opposite directions in the sets M n − and M n + due to a hyperbolic dependence between the perturbation characteristics K(t) and χ(t). Since invariant subspace H n contains just neutral perturbations, we use H n as the zero factor class and introduce a factor space and factor norm of the perturbations. The sum of the energy norm and factor norm is suggested as an appropriate norm in the instability study of the RH wave in the sense that while the energy norm controls the perturbation part belonging to H n , the factor norm controls the perturbation part orthogonal to H n . If n = 1 then the RH wave belongs to subspace H 1 , and hence, is a super-rotation flow in some geographical system of coordinates. It is shown that any such super-rotation flow on a sphere is stable in the energy and enstrophy norms. It is linearly stable, too [20] . Then we analyze the stability of the RH wave of the subspace H 1 ⊕ H n , where n 2. We prove that any nonzonal wave of this type is Liapunov unstable in the energy norm with respect to relatively large-scale perturbations from invariant set M n − defined by the inequality χ(t) < n(n + 1). Besides, the growing perturbation is generated by the asynchronous oscillations of the two RH waves, which slightly differ from each other only by their super-rotational components. As a result, the two waves have different phase velocities, and their representative points being initially very close to each other will diverge from each other with time. Thus, this instability has nothing in common with the orbital (Poincaré) instability [21] , since the orbits of the two RH waves are always very close to each other in the phase space. The instability mechanism described is identical with that of a periodic solution to a nonlinear pendulum equation [22] . It is also shown that the exponential instability is possible only in the invariant set M n 0 − H n . We obtain a necessary condition for such linear instability, which states that the spectral number χ(t) of the amplitude of each unstable mode must be equal to n(n + 1), where n is the RH-wave degree. The growth (decrease) rate and the orthogonality of the normal modes to the RH wave are also examined. We have failed in our attempt to get instability results is the invariant set M n + of relatively small-scale perturbations with χ(t) > n(n + 1). Note, that unlike the RH wave, the Legendre-polynomial flow of degree n is both linearly and Liapunov stable in the invariant set M n + [18, 20] .
Rossby-Haurwitz waves in an ideal fluid on a rotating sphere
The dynamics of inviscid nondivergent fluid on a rotating unit sphere S is governed by
It is the nondimensional nonlinear vorticity equation, where ψ(t, λ, µ) is the streamfunction, µ = sin φ, φ and λ are the latitude and longitude of a point on S, ∆ψ and Ω = ∆ψ + 2µ are the relative and absolute vorticity, respectively, ∆ is the Laplace operator on S and
is the Jacobian. Hereafter, f t , f λ and f µ denote the partial derivative of a function f (t, λ, µ) with respect to t, λ and µ, respectively. We note that if ψ(t, λ, µ) is a solution to (1) then ψ(t, λ, µ) + const is the solution, too. Therefore, without loss of generality, we will consider in this work only the functions which are orthogonal to any constant function on the sphere. Let
The inner product and the norm of these functions are defined as
and
respectively, whereh is the complex conjugate of h. The Hilbert space obtained by closing the set C ∞ 0 (S) in the norm (5) denote as H 0 . Obviously,
is the orthogonal sum of the subspaces
of the homogeneous spherical polynomials of degree n [23] . The subspace H n is of dimension 2n + 1, and each its polynomial is the eigenfunction of the spherical Laplace operator −∆ corresponding to the eigenvalue
Thus, the 2n + 1 spherical harmonics Y m n (x) of degree n and zonal number m (−n m n) form the orthonormal base in H n [23] :
δ km is the Kronecker delta. As a result, all the spherical harmonics
Due to (6) , each function h(x) of H 0 is represented by its Fourier series
where
is the homogeneous spherical polynomial of degree n from H n (that is, the orthogonal projection of h(x) on H n ), the operation * is the convolution, P n ( x · y) is the Legendre polynomial of the degree n and
is the Fourier coefficient of the function h(x) (−n m n) [23, 24] . For a real s and any function h(x) of C ∞ 0 (S) define a multiplicative operator Λ s as
where χ n and h n (x) are given by (8) and (12) [11, 25, 26] . In particular, for each natural s we have
Thus, Λ can be interpreted as the square root of the symmetric and positive definite spherical Laplace operator −∆, or as the new derivative of a function on a sphere. Besides, unlike the partial derivatives ∂/∂λ and ∂/∂µ with respect to geographical coordinates, the derivative Λ has the advantage that it is independent of the choice of the system of coordinate on the sphere S. It is easy to show that a derivative Λ s is a positive definite operator, which commutes with any other derivative Λ r (and in particular, with the Laplace operator), and the derivative Λ is closely related with the gradient, since
Moreover, for any real s, operator Λ s :
is symmetric, and hence, closable.
Definition 1. Let s be a real and χ n
is denoted as H s . It is a Hilbert space with the inner product
Lemma 1 [11] . Let s and r be both real. 
Lemma 2 [11, 18] . Let ψ(x), f (x) and h(x) be sufficiently smooth complex functions on the sphere S, and let F (ψ) be a continuously differentiable function. Then
Lemma 3 [11, 27] . Let ψ(t, x) be a solution of (1) . Then each of the following integrals is invariant of motion:
The values (24) are the kinetic energy, enstrophy, integral vorticity, angular momentum and Casimir of the flow ψ(t, x), respectively.
Definition 2.
Let n 1 and x = (λ, µ). The real wave
where ω is the angular rotation speed and C n is the wave velocity, is called the RossbyHaurwitz (RH) wave. It is exact solution of the nonlinear vorticity equation (1) for arbitrary ω and f m n if
where χ n is defined by (8) [28, 29] . As the sum of a super-rotation component −ωµ and homogeneous spherical polynomial f n (t, λ, µ) of the degree n, the RH wave (25) belongs to the orthogonal sum H 1 ⊕ H n of the subspaces H 1 and H n . The absolute vorticity
of the RH wave (25) also belongs to H 1 ⊕H n . However, for a stationary RH wave (C n = 0), ∆f + 2µ belongs to H n .
Conservation laws for arbitrary RH-wave perturbations
Arbitrary real perturbation of the RH wave (25), (26) can be presented as
where ψ(t, λ, µ) is some another real solution to the vorticity equation (1) . According to the theorem by Szeptycki's [30] on the existence and uniqueness of the vorticity equation, a suitable norm for estimating the RH-wave perturbations must contain the second derivatives of the streamfunction, that is, be related with the perturbation enstrophy. The perturbation (28) satisfies the equation
with initial condition
and can be considered as a perturbation of the solution ψ(t, λ, µ) as well. With (27) , Eq. (29) can be written as
In particular, if wave (25) is stationary (C n = 0) then (31) is reduced to
Taking the inner product of Eq. (31) with ∆ψ + χ n ψ and using (19) , (21) and (22) we obtain
where χ n = n(n + 1),
is the kinetic energy and
is the enstrophy of the RH-wave perturbation ψ (see (15) and (16)). Thus we obtain the following assertion [11] .
Theorem 1. Any perturbation of the RH wave (25) evolves in such a way that its energy K(t) and enstrophy η(t) decrease, remain constant or increase simultaneously according to (33).
The law (33) was established by Gill [31] for infinitesimal perturbations of a stationary planetary Rossby wave on the beta-plane and by Karunin [32] for infinitesimal perturbation of a Legendre-polynomial flow. Theorem 1 generalizes these results to arbitrary perturbation of any RH wave of H 1 ⊕ H n on a sphere. Unlike the perturbation energy K(t), the perturbation enstrophy η(t) contains information not only on the magnitude, but also on the spectral composition of the perturbation ψ . Due to (18), the 2-norm (the enstrophy norm) is stronger than the 1-norm (the energy norm), and in general, a perturbation of the vorticity equation solution can be stable in the energy norm and unstable in the enstrophy norm. However, by Theorem 1, the RH wave (25) has the same stability properties in both norms.
The value
is the mean spectral number of the perturbation ψ (the square of the Fjörtoft's spectral number [33] ). Due to (33) , the functional
is conserved with time for any perturbation ψ to the RH wave (n 1), that is,
is the constant determined by the initial perturbation value (30) . Note that conservation law (39) is nothing else that the conservation of pseudoenergy [34] . It was used by Petroni et al. [35] for small perturbations to a harmonic wave on the β-plane (see also [36, 37] ).
The invariance of the angular momentum ∆ψ, µ for any solution ψ(t, x) of (1) gives one more conservation law for arbitrary perturbations to the RH wave,
Thus, the projection of any perturbation ψ on the Legendre polynomial of degree one is invariable. Using the convolution (12) it is shown in [18] that the projection ψ 1 of any perturbation ψ on the subspace H 1 is invariable too, and hence, this perturbation component is unimportant in the instability analysis of the RH waves. This fact is always taken into account, although we do not orthogonalize ψ to H 1 .
Invariant sets, factor space and norms of perturbations
Due to (38) , all possible perturbations to the RH wave (25) of subspace H 1 ⊕ H n can be divided into three invariant sets
where χ n = n(n + 1). Thus if a perturbation belongs to one of sets (42) at some moment then it will always belong to this set. By definition, spectral number (36) is equal to χ n for perturbations of M n 0 , and is bounded for perturbations of M n − . The set M n 0 can be considered as the boundary between large-scale perturbations of the set M n − and smallscale perturbations of the set M n + . Thus the stability of the RH wave can be analyzed separately in each of these sets [19] .
The set M n 0 contains the subspace H n of the homogeneous spherical polynomials of degree n, which is one more invariant subset of the RH-wave perturbations. Besides, any perturbation of H n is stable, since, due to (31), it evolves according to the linear equation
conserving its form, and in particular, its energy and enstrophy. This leads to Since H n is the linear space and all the perturbation of H n are neutral, we can introduce a factor space C ∞ 0 (S)/H n of classes of perturbations to the RH wave (25) , in which the 0-class is H n , and two elements g and h belong to the same class only if g − h ∈ H n . Thus, for any perturbation ψ , the corresponding class is {ψ + h: h ∈ H n }. The representative element of each class has zero projection onto subspace H n . The functional
is a seminorm in the space C ∞ 0 (S), but is the norm in the factor space C ∞ 0 (S)/H n . The factor space of perturbations to the RH wave (25) 
of the two components, where ψ n is the projection of ψ on the subspace H n , and ψ ⊥ is the orthogonal complement of ψ n to ψ . Let us introduce a norm
which is the sum of the factor norm ∆ψ + χ n ψ and energy norm ∇ψ . We will show later that norm (46) is appropriate in the instability study of the RH wave (25) , besides, the energy norm ∇ψ controls the evolution of the perturbation part ψ n , while the factor norm ∆ψ + χ n ψ controls the evolution of its orthogonal part ψ ⊥ .
A hyperbolic perturbation law in M n

− and M n +
If we introduce the notation Let K f be the energy of the RH wave (25) , and let α > 0. If we consider all the vorticity equation solutions ψ belonging to the energy surface K ψ = α 2 K f then kinetic energy of the perturbations (28) may vary only within the limits
where K min ≡ (α − 1) 2 K f and K max ≡ (α + 1) 2 K f are achieved for ψ = αf and ψ = −αf , respectively [11] . Thus, variations of the perturbation energy K(t) decrease with the energy K f of the RH wave. Initial values ρ(0) and K(0) of a RH-wave perturbation ψ determine a certain hyperbola (48), and the point (ρ(t), K(t)), representing the evolution of the kinetic energy K(t) and spectral distribution χ(t) of the perturbation, may move along this hyperbola in both directions just within limits (49). According to (36) and (33),
and hence, the spectral number χ(ψ ) of a growing (or decaying) perturbation grows (decreases) in M n − and decreases (grows) in M n + . Thus, we obtain Later we show that any nonzonal RH wave of H 1 ⊕ H n is Liapunov unstable in the set M n − if n 2. We also show that the linear instability is possible only in the invariant set M n 0 − H n . However, till now there is no proof of the instability of the RH wave with respect to perturbations from the set M n + .
Geometric interpretation of perturbation energy variations
By (28), a perturbation ψ (t, x) of the RH wave f (t, x) is the difference between two vorticity equation solutions: ψ (t, x) = ψ(t, x) − f (t, x). Since the kinetic energy of each of the solutions is invariable, the energy of the perturbation varies only due to changes of the position of the solution ψ(t, x) with respect to the RH wave f (t, x).
Taking the inner product of Eq. (32) with f + ψ and using (22) and (34) we obtain
In the coordinate system (λ , µ ) rotating with the RH wave (25) (λ = λ − C n t, µ = µ), the last equation can be written as
where f n ≡ f n (λ , µ ) is the polynomial part of the RH wave belonging to the subspace H n . We have taken here into account the geometric form of the RH wave (25) , invariant (41) and the symmetry of the Laplace operator. Thus, we have proved the following two assertions. (25) varies only if the projection of the perturbation ψ (or solution ψ = f + ψ ) on the polynomial part f n of the RH wave varies.
Theorem 4. The energy (or the enstrophy) of a perturbation ψ to the RH wave
Theorem 5. The super-rotation component −ωµ of the RH wave (25) has no influence on its stability in the energy and enstrophy norms, that is, in these norms, the RH wave has the same stability properties as its polynomial part
The convolution (12) shows that any streamfunction of subspace H 1 represents a super rotation flow about some axis of symmetry of the sphere. Then Theorem 5 leads to It follows from Theorem 4 that the perturbation energy K(t) is conserved if perturbation ψ is orthogonal to f n , and in particular, if ψ is orthogonal to H n . Thus, the second term ∇ψ of the norm (46) varies only if the perturbation ψ varies in the subspace H n and is insensitive to variations of ψ in the subspace orthogonal to H n . Unlike this, the first term ∆ψ + χ n ψ of the norm (46) is insensitive to variations of ψ in H n , but varies if the perturbation ψ varies in the subspace orthogonal to H n . We obtain Theorem 6. Let ψ = ψ ⊥ + ψ n be a perturbation (45) to the RH wave (25) . The parts ∇ψ and ∆ψ + χ n ψ of the norm (46) control the evolution of the orthogonal components ψ n and ψ ⊥ , respectively.
Liapunov instability in invariant set M n −
According to Corollary 1, any RH wave of subspace H 1 is stable. We now consider the stability of the RH wave (25) of subspace H 1 ⊕ H n for n 2. We will call RH wave nonzonal if f m n = 0 for at least one m (1 |m| n). Proof. By Theorem 1, it is sufficient to prove the instability only in the energy norm. Due to Theorem 5, we assume, without loss of generality, that ω = 0, and hence, the RH wave belongs to subspace H n ,
where C n = −2/χ n (see (26) ). Since wave (53) is nonzonal, f m n = 0 for some m (1 m n). According to Liapunov stability definition [38, 39] , we take
We now choose a perturbation ψ to wave (53) such that ∇ψ (0) < δ, where δ > 0, as small as we like. Then we show that regardless of δ and moment t 1 0 chosen, there is a moment τ > t 1 such that ∇ψ (τ ) exceeds ε. For ε given by (54) and arbitrarily small δ, we consider the perturbation ψ = ψ − f generated by one more RH-wave solution
of H 1 ⊕ H n , whereĈ n = δ/2 − (δ + 2)/χ n according to (26) . Then the perturbation energy (34) is
andĈ n − C n = δ(χ n − 2)/2χ n . Since n 2, χ n > 2 andĈ n − C n = 0. Due to (56), K(0) = δ 2 /4, and hence, ∇ψ (0) = {2K(0)} 1/2 < δ at the initial moment t 0 = 0. How-
and ∇ψ (τ j ) = {2K(τ j )} 1/2 > ε. Since the sequence {τ j } tends to infinity with j , it is impossible to find such a moment t 1 t 0 so as to satisfy ∇ψ (t) < ε for all t t 1 . Thus wave (53) (and hence, wave (25)) is Liapunov unstable. ✷
Note that the mechanism of the Liapunov instability of the nonzonal RH wave described above has nothing in common with the orbital (Poincaré) instability [21] . Indeed, the orbit of the solution (55) will always be in the tube of the radius ε that envelops the orbit of the basic RH wave. It means that for any time t 1 there is a time t 2 such that the energy norm of the difference ψ(t 1 , x) − f (t 2 , x) is not greater than ε. The perturbation ψ = ψ − f generated by the solutions (55) and (53) belongs to the subspace H 1 ⊕ H n and varies just in subspace H n . Besides, ψ is not orthogonal to f . By (46), the norm ψ * = ∆ψ + χ n ψ + ∇ψ of this perturbation evolves in the same way as the energy norm ∇ψ , since ∆ψ + χ n ψ is invariable as belonging to H 1 , and the factor norm ∆ψ + χ n ψ does not vary. Thus, its mechanism is identical with that of a periodic solution to the nonlinear pendulum equation [22] and consists in asynchronous oscillations of two RH waves caused by a nonzero shiftĈ n − C n of their velocities. Note that if n = 1 thenĈ 1 = C 1 due to (53), and hence, K(t) = const in full agreement with Corollary 1.
Exponential instability in invariant set
Any RH wave can be considered as stationary in an appropriate rotating system of coordinates. Therefore, we now consider a stationary RH wave (25) , (26) with n 2. Since C n = 0, and hence, ω = 2/(χ n − 2), the stationary RH wave f (λ, µ) = −ωµ + f n (λ, µ) belongs to subspace H 1 ⊕ H n . Infinitesimal perturbations of such a wave are governed by the linearized equation (32),
Exponentially growing and decaying solutions to (57) are searched as a normal mode
where ν = ν r + iν i , i is the imaginary unit, and amplitude Ψ (x) is the solution of the spectral problem
It is important to note that law (38) is also valid for solutions to Eq. (57), and hence, perturbations (58) are divided again into invariant sets M n − , M n + , M n 0 − H n and H n . Taking the real part of the inner product of Eq. (59) with function ∆Ψ + χ n Ψ and using (22) we obtain
are the energy, enstrophy and average spectral number (36) of the mode amplitude Ψ (x), respectively. Equation (60) is the requirement that the pseudoenergy associated with growing or decaying normal modes vanishes, as is required for its simultaneous conservation and exponential growth [40] . Since ν r = 0 for any growing or decaying mode, (60) leads to a necessary condition for the exponential instability of normal mode (58) [14, 41] . 
for the spectral number χ Ψ of the mode amplitude Ψ (x).
Theorem 8 asserts that a perturbation (58) may exponentially grow with time only if its amplitude Ψ (λ, µ) belongs to invariant subset M n 0 − H n . Thus, exponential growth and decay of perturbations is impossible in the sets M n − , M n + and H n , and hence, all the modes of these sets are neutral. Since M n 0 − H n is just the boundary between the main invariant sets M n − and M n + , the probability of the fulfillment in practice of the exponential instability condition (62) is rather low. Moreover, the above-mentioned Liapunov instability is not orbital. It seems to explain the fact that the RH waves are regularly observed on the meteorological maps. Theorem 8 also shows that in the numerical linear stability study of a stationary RH wave (25) by means of the spectral method [42] , Fourier series for perturbations must be truncated by a number N > n [14, 43] . Indeed, if we truncate a perturbation by a number N n then, due to Theorem 8, none of the modes will be unstable.
The growth rate of unstable modes is bounded according to the following assertion [14] . 
Baines [15] points out that the growth rate is proportional to the wave amplitude. Theorem 9 specifies this result stating that the growth rate of a mode decreases directly with the maximum velocity max S |∇f (x)| and degree n of the RH wave (25) .
Let us assume that wave f is a real function. Taking the inner product of Eq. (57) with the RH wave f , and using (23) and (41) we obtain two equations
where f n ∈ H n is the part of the RH wave (25) . Since ν = 0 for any unstable or decaying mode (ν r = 0), as well as for any nonstationary mode (ν i = 0), the amplitudes Ψ (x) of these modes possess some orthogonality properties in the energy inner product (17) for s = 1,
The analytical results (62)-(64) are useful to control the quality of calculations in the numerical linearly stability study of the RH wave (25).
Summary
In the present work, some results have been obtained on the exponential and Liapunov instability of the RH wave (25) , (26) of subspace H 1 ⊕ H n , where H k is the subspace of the homogeneous spherical polynomials of degree k. These waves are exact solutions to the nonlinear barotropic vorticity equation (1) for an ideal incompressible fluid on a rotating sphere. The RH waves can be observed in any meteorological map, and their stability study is of considerable interest for deeper understanding of the low-frequency variability of the atmosphere. Conservation laws for perturbations to the RH wave are obtained and used to divide all the perturbations into four invariant nonintersecting sets M n − , M n + , H n and M n 0 − H n (Theorem 2). The main conservation law asserts that any perturbation evolves in such a way that its energy and enstrophy decrease, remain constant or increase simultaneously (Theorem 1). Besides, the energy cascade of growing (or decaying) perturbations has opposite directions in the sets M n − and M n + (Theorem 3). A geometric interpretation of variations in the perturbation kinetic energy is given, according to which the energy of a perturbation ψ (t) to the RH wave f (t) varies only if the projection of ψ (t) onto the main RH-wave component f n (t) varies (Theorem 4) .
We have tried to analyze the instability in each invariant set separately. Since any perturbation of H n is neutral, a factor space is introduced with H n as the zero-class. Then we introduce the norm (46), which is the sum of the factor norm ∆ψ + χ n ψ and energy norm ∇ψ . It is shown that this norm is appropriate in the instability study of the RH wave (25) , because the energy norm ∇ψ controls the evolution of the perturbation part ψ n ∈ H n , and the factor norm ∆ψ + χ n ψ controls the evolution of its orthogonal part ψ ⊥ (Theorem 6).
It has been shown that the RH wave is stable to any perturbation of invariant set H n , and any nonzonal RH wave of subspace H 1 ⊕ H n , where n 2, is Liapunov unstable with respect to perturbations of invariant set M n − (Theorem 7). The growing perturbations belong to the subspace H 1 ⊕ H n , and the mechanism of the Liapunov instability is identical with that of a periodic solution to the nonlinear pendulum equation and consists in asynchronous oscillations of two RH waves caused by a nonzero shift of their velocities.
A necessary condition for the exponential instability of a stationary RH wave has been obtained, which states that a normal mode can be unstable only if mean spectral number of the mode amplitude is equal to n(n+1), where n is the degree of the RH wave (Theorem 8). Thus, unstable normal modes can exist only in the invariant set M n 0 − H n (in the case of a stationary RH wave of subspace H 1 ⊕ H n ). The growth rate of the unstable modes is estimated (Theorem 9), and the orthogonality of the normal mode amplitude to the RH wave is proved. The set M n + is the only invariant set, where we have been unable to get instability results.
In practice, the probability of the fulfillment of the exponential instability condition (62) is rather low, because M n 0 − H n is just the boundary between the main invariant perturbation sets M n − and M n + . Moreover, the above-mentioned Liapunov instability is not orbital. Perhaps, it explains the fact that the RH waves are regularly observed on the meteorological maps.
